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In this note we compute the flavor-dependent chiral-logarithmic corrections to the decay Z — ► bb 
in the three site Higgsless model. We compute these corrections diagrammatically in the "gaugeless" 
limit in which the electroweak couplings vanish. We also compute the chiral-logarithmic corrections 
to the decay Z — > bb using an RGE analysis in effective field theory, and show that the results agree. 
In the process of this computation, we compute the form of the chiral current in the gaugeless 
limit of the three-site model, and consider the generalization to the iV-site case. We elucidate the 
Ward-Takahashi identities which underlie the gaugeless limit calculation in the three-site model, 
and describe how the result for the Z — > bb amplitude is obtained in unitary gauge in the full 



theory. We find that the phenomenological constraints on the three-site Higgsless model arising 
from measurements of Z —* bb are relatively mild, requiring only that the heavy Dirac fermion be 
heavier than 1 TeV or so, and are satisfied automatically in the range of parameters allowed by 
other precision electroweak data. 



INTRODUCTION 



in 

<N 

S; 

^p H . Higgsless models [1] of electroweak symmetry breaking provide effective low-energy theories of a strongly-interacting 
p> |' symmetry breaking sector [2, 3] which, in the case of "delocalized" fermions [4-10], can be consistent with electroweak 
O , precision measurements [11, 12]. The three-site model [11] is the minimal low-energy realization of a Higgsless theory. 
, It includes only the lightest triplet of the extra vector mcasons typically present in such theories; these are the mesons 
(denoted here by W' and Z') that are analogous to the p mesons of QCD. The three-site model retains sufficient 
complexity, however, to incorporate interesting physics issues related to fermion masses and electroweak observablcs. 
^ ' In particular the chiral logarithmic corrections - the one-loop contributions which dominate in the limit My/' <C A 
. where Mw' are the masses of the new vector mesons and A is the cutoff of the effective theory - to the flavor-universal 
' electroweak parameters aS and aT [13-16] in the three-site model were computed in references [17-19]. 
, In this note we compute the flavor-dependent chiral logarithmic corrections to the process Z — > bb in the three-site 
• ■ model. We perform the computation diagrammatically in the "gaugeless" limit [20-23], in which the electroweak 
£^ ' couplings vanish: here the corrections to the Z-boson coupling are related to the couplings of the bottom-quark 
to the neutral Nambu-Goldstone boson present in this limit. As we illustrate, the computation of the amplitude 
| is complicated by the mixing of the light fermions with the heavy Dirac fermions present in the three-site model; 
such issues do not arise in many other theories beyond the Standard Model, such as the MSSM or models featuring 
extended electroweak gauge groups but no new fermions. We also compute the chiral-logarithmic corrections to the 
decay Z — > bb in effective field theory and show that the results agree with the diagrammatic computation. We 
}J| ' find that the phenomenological constraints on the three-site Higgsless model arising from measurements of Z — > bb 
arc relatively mild, requiring only that the heavy Dirac fermion be heavier than 1 TeV or so, and are satisfied 
automatically in the range of parameters allowed by other precision electroweak data [12]. In the appendices we 
display the three-site model couplings necessary to compute the one-loop flavor-dependent corrections to the Z — > bb 
decay rate, we compute the chiral current in a general A-site Higgsless model, we provide a description of the Ward- 
Takahashi identities that underlie the gaugeless limit calculation in the three-site model, and we report the results of 
a unitary-gauge calculation of the process. 



II. THE THREE-SITE MODEL 



As discussed above we will compute the nonuniversal correction to Z — > bb by examining the chiral current and 
the couplings of the neutral Nambu-Goldstone boson eaten by the Z to 6-quarks in the "gaugeless" limit [20-23] of 
the three-site model [11]. The gaugeless three-site SU(2)l X SU(2)h x SU{2)r model is illustrated in Fig. 1, where 
SU(2)h is a "hidden" gauge-symmetry [27-30] and SU{2)t,^r are global symmetries. The nonlinear sigma-model and 




FIG. 1: The three site model in the gaugeless limit. The solid circle represents the strong SU(2)h gauge group with coupling 
g, and the dashed circles represent global SU(2)l,r groups. The left-handed fermions, denoted by the lower vertical lines and 
labled ip ( ° } ' (1) in the text, are located at the first two sites, and the right-handed fermions, denoted by the upper vertical lines 

and labeled ip^R an d > &j? ) m the text, are located at the last two sites. The dashed lines correspond to Yukawa couplings. 
We will denote the light mass-eigenstate fermion fields by if, b) and the heavy ones by (T, B). 



gauge-theory kinetic-energy terms in this model are given by 



E ftr^l^S,)-^^) 2 , (1) 



i=l,2 



where Si and S2 are sigma-model fields parameterized by 

where 711,2 = 7r" 2 er a /2, and where W is the field-strength tensor of the SU(2)h gauge-group with gauge-fields 
WL The one-loop contributions described in section IV will be performed in 't Hooft-Feynman gauge for the hidden 
SU (2)h gauge-symmetry, and the appropriate gauge-fixing terms (and ghost terms, though these are not needed for 
the current computation) are also introduced though they are not displayed here. 
The sigma-model fields transform as 



Si -> L S x if* , (3) 

S 2 ^HS 2 i? t , (4) 

under SU(2)l x SU(2)h x SU(2)r, and hence the covariant derivatives above are given by 

z^Si = a^Si + ;iF v Siy , (5) 

D"E a = d"E 2 - iW'^Y S 2 . (6) 

Here /i^ are the /-constants, the analogs of in QCD, associated with the two SU(2) x SU(2)/SU(2) nonlinear 
sigma-models, and they satisfy the relation 

^ Gf = h = If + Jl * (250 GeV) 2 • (?) 
In the gaugeless limit, the SU(2)h vector bosons have mass 

M*,, = 3 2 (f? + f2) (8) 

As described in [11], we get a phenomcnologically-acccptable low-energy electroweak model if we identify SU{2)l 

with the weak gauge-group and U(1)y with the subgroup of SU(2)r associated with T3, and if we work in the limit 
where couplings satisfy gw,Y <C 9, i-e- in the limit z -c M^,. 
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The three-site model also incorporates the ordinary quarks and leptons, and requires the additional heavy vectorial 
SU(2)h fermions that mirror the light fermions. These heavy Dirac fermions are the analogs of the lowest Kaluza- 
Klein (KK) fcrmion modes which would be present in an extra-dimensional theory. The Yukawa couplings for the 
third-generation are written 

where we use the notation of [12] and we treat the bottom-quark as massless. 1 The transformation properties of the 
fermions under SU(2)l X SU(2)h X SU(2)r are given by 

4 0) - M 0) , (10) 

V>£i - H^l > (11) 

(IMS- 

We will work in the limit where M 3> m\, m' t , in which the heavy fermions are approximately the tpLi,m doublets 
with a mass approximately equal to M. The couplings between the fermions and the Nambu-Goldstone bosons that 
are necessary for the one-loop computations are summarized in Appendix A. 

The ratio cl = mi/M controls the "derealization" of the left-handed fermions, i.e. the amount to which the light 
left-handed mass eigenstate fields are admixtures of fermions at the first two sites; this parameter can be adjusted 
to eliminate the potentially dangerous tree-level contributions to aS [4-10]. Therefore, at tree-level in the three-site 
model, el is taken to be flavor-universal and all of the flavor-breaking is encoded in the values of Yukawa couplings to 
the right-handed fermions, which transform under SU(2)r. The three-site model at tree-level has precisely the same 
flavor structure as the standard model: all of the tree-level couplings of the left-handed fermions to the gauge bosons 
are flavor-diagonal and equal, and flavor-changing neutral currents are suppressed [11]. As we will see, however, in 
the case of the third generation the Yukawa couplings proportional to m! t will distinguish the top- and bottom-quarks 
from the light generations, leading to flavor-dependence at one loop. Before turning to this issue, however, we consider 
how the W- and Z-bosons - which, in the gaugeless limit, are treated as external fields - couple to the fermions and 
Nambu-Goldstone-bosons. 



III. CHIRAL CURRENTS IN THE "GAUGELESS" LIMIT 



In the gaugeless limit, one treats the Z-boson as an external field coupled to the current 

fz=3L-f Q s™ 2 0w, (13) 

with strength 

^ = ■ a 6 a ■ ( 14 ) 
sin V\y cos 6w 

A crucial question 2 is precisely what is meant by the current jo L . We begin by computing this current at tree- level, 
which is most easily done in "unitary" gauge for the group SU(2)h, in which the link fields satisfy the property that 
fi^i = h^2- In this gauge, it is easy to show [31] that 

E = E x • S 2 = cxp ( — ) , (15) 



where 

7T 71"! 7T 2 



(16) 



1 Similar terms must be introduced for all of the light quarks and leptons [12] as well, but these terms will not play a role in what follows. 

2 Note that the same question does not arise for jg which is unbroken and therefore unrenormalized. We shall explicitly see how the 
difference between j£ and jg arises below. 
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is the non-linear sigma-model field depending only on the massless Nambu-Goldstone bosons (ttw± and nz), which 
remain in the limit gw,Y — > 0. From eqns. (3) and (4) we expect contributions to j£ from the E, which are found to 
have the usual nonlinear sigma-model form [31] 

f L a GB = ^Y tT{Tam ^ h 

and, from eqn. (10), we expect contributions of conventional form from the ipLo fermions. In addition, there are con- 
tributions to proportional to the heavy W gauge-bosons [31]. At low-momentum, the contributions proportional 
to the W boson give rise to contributions to the chiral current from the fermions tpLi.m- Rather than pursue this 
calculation, we will compute the entire fermionic contribution to the chiral current more directly. 

Consider the transformation of the sigma-model fields under a global SU(2)l x SU(2)r transformation. In unitary 
gauge, from eqns. (3) and (4), the transformation laws of the fields are given by 

51 -> LEi J ff(L, J R,7r) t , (18) 

5 2 -» H (L, R, tt) S 2 R) , (19) 

where H(L,R,ir) represents the SU(2)h gauge-transformation which, following a global L and R transformation, 
is necessary to return to unitary gauge. As noted, H(L, R, n) depends on L, R and the pion fields in £^2 as 
well, in such a way that the relation f\it\ = f^2 continues to be satisfied. From eqn. (11) we see that the fields 
ipRi,Li transform through H(L, R,n), and therefore transform nonlincarly under SU(2) L x SU(2) R . In fact, the 
transformation properties of V'fti.Li are precisely those of matter fields in the Callan-Coleman-Wess-Zumino (CCWZ) 
construction 3 [32, 33]. Note, however, that the ipLo and 4>R2 fields transform linearly under SU(2)l x SU(2)r - and 
hence, in the computation of the current, these fields will contribute in the conventional manner. 
Under an infinitcsmal left-handed transformation 

S^=ia L ^, (20) 
S^ L = ir,^ L , (21) 



where oll = OL a L <j a /2 and r\ = rj a a a /2 denote 2x2 hermitian traceless matrices, and where a a L and rfl are small 
parameters. From eqns. (18) and (19) we see that, to lowest order in a, rj, and ni.2 

+ a L -il, (22) 

+ V ■ (23) 



2tti 


2tti 






2tt 2 


27T2 


h ~ 


" h 



Imposing the relation f±ni = f2^2, we find 



V= 1 Jh2^L+0(a 2 L ,a L 7r) , (24) 

Jl ' J2 



and hence, from eqns. (20) and (21), the fermionic contributions to the left-handed current are 

ir = 4 0) a ir4 a) + jfij-2 + ^t^*) (25) 

Note that for /i = /2 = \/2v, the fermions ^lr couple to the current with half the strength of ip^ - this explains 
the size of weak-boson couplings of the vector (KK) fermions in the three-site model; see eqn. (5.10) of [ll]. 4 A 
generalization of this result to the A^-site global moose model appears in Appendix B. 



3 For a recent review connecting deconstruction and the CCWZ procedure, see [34]. 

4 We could have obtained precisely the same results using the procedure of [31]: in this case, the chiral current would contain contributions 
only from the pions, the fermions Vlo> an d the W'-bosons. Integrating out the W bosons, we recover the ipLi.Ri contributions we find 
in eq. (25). 



4 




FIG. 2: The Nambu-Goldstone boson contributions to the current j£ L give rise to corrections to the Zbb vertex [21, 22]. In 
this figure, the black circle represents vertices in the effective action of the form 9 ai 7tz6l7 m 6_l . 



The difference in the couplings of the sitc-0 and sitc-1 fcrmions to j^ 1 is precisely the reason why derealization 
[9] can shift the size of the fermion couplings to the gauge-bosons and allow - in the case of ideal derealization - for 
aS = 0. At tree- level, the left-handed light fermion eigenstate is given (up to corrections of order e|) by [11] 

*L = -(l-f)$ ) +ei$ ) , (26) 
and, hence, in the gaugeless limit the light-fermion contribution to the left-handed current is given by 5 

jT^U-4Sl^]^^ L . (27) 



tf + ft) 2 

In addition, the rotation in eqn. (26) also yields couplings of the left-handed current to mixtures of the light- and 
heavy-fermion eigenstates. As we will see below, these "off-diagonal" Z-boson couplings will be important in the 
computation of the one-loop correction to the Z — > bb decay rate. Note also that there is no change in the weak- 
charge of the light fcrmions in the limit that fi oo, since in this case SU(2)l x SU{2)h — > SU(2)l + h and the 
couples (see eqn. (25)) to the chiral current in the same 6 way as i^lo- 
By contrast, in the case of the unbroken electromagnetic current, 

3q = i>L ] Q^L ] + 4>l ] Qi^l ] + ^rQ^r + ^rQ^r > (28) 

where Q = eiia<?(2/3, — 1/3) is the quark charge-matrix. In this case all fcrmions couple to the photon in the same 
way, and fermion derealization (mixing) cannot change the electric charge of the fermions. 



IV. ONE-LOOP CORRECTIONS 



As previously noted, in the gaugeless limit, one computes the couplings of external Z bosons to the current j£ L — 
jg sin 2 6w The current jg is conserved and therefore unrenormalized and flavor- universal. The flavor non- universal 
couplings to the Z boson occur because j£ L is a current that corresponds to a spontaneously broken symmetry, and 
therefore arise from the non-linear sigma model currents in eqn. (17). As we will show below, there are flavor- 
dependent contributions in the effective action to operators of the form 

Ad^zHl^L ■ (29) 

Through the diagram illustrated in Fig. 2, such an operator shifts 7 the left-handed Zbb coupling to 

9z (~+Sgf+^ S m 2 e w ) , (30) 



5 Eqn. (27) is sufficient only to compute the leading order couplings of jr to the Z-boson. Once the weak gauge-interactions are 
turned on, gw,Y 0, there are additional corrections (of order arising from the admixture of the site-1 gauge-boson in the 
light gauge-boson mass eigenstate. While these corrections are not included in the gaugeless limit, they are flavor universal (to leading 
non-trivial order) and do not affect the ratio F(Z — > bb)/T(Z — > hadrons). 

6 This result is analogous to the GIM cancellations that occur in the mixing of left-handed quarks in the standard model - since all 
the quarks have the same left-handed charges, such mixing does not result in flavor-changing neutral couplings nor does it change the 
tree-level Z-coupling of any of the quarks. 

7 This is, essentially, a diagrammatic interpretation of the Ward-Takahashi Identity argument given in [21, 22]; see Appendix C. 
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FIG. 3: The flavor-dependent vertex corrections to the Z — > bb branching ratio, as computed in the gaugeless limit of the three- 
site model. Here ■kz and irw denote the neutral and charged Nambu-Goldstone bosons which remain in the gaugeless limit. 
We perform this calculation in 't Hooft-Feynman gauge for SU(2)h, and the tt w i denote the unphysical Nambu-Goldstone 
bosons eaten by the heavy W' bosons; the flavor-dependent contributions from the W' gauge-bosons are suppressed by an 
additional factor of M^,, /M 2 . In this diagram we denote the heavy Dirac partners of the top-quark by T. The contribution 
with intermediate t quarks and exchange of the nw boson yields the usual standard model one- loop correction [21, 22]. The 
other contributions are new in the three-site model. 




FIG. 4: Wavefunction mixing contributions to Z —> bb in the three site model. The B fermions are the heavy Dirac partners 
of the bottom-quark. 

where gz and sin 2 8yy are flavor-independent, and where the flavor-dependent correction is 



(31) 



The vertex diagrams (in 't Hooft-Feynman gauge) leading to flavor-dependent contributions 8 to the operator in 
cqn. (29) are illustrated in Fig. 3. The triangle contribution with 7Tw-exchange and two intermediate top-quarks 
yields the usual gaugeless standard model correction 9 [21-23] 



(-5.9 



bb \ 

L )sm 



16n 2 v 2 



(32) 



On the other hand, the triangle diagrams including contributions from the heavy Dirac partners of the top-quarks 
and/or the exchange of the wyyi boson, yield the correction 



) 3 — site vertex — 



1 



ftft 



2(4tt)2 v 2 (f 2 + /|) 2 



log 



M 2 



(33) 



8 We neglect here, for example, vertex diagrams involving the exchange of n z z i and intermediate b or B quarks: in the limit in which we 
ignore the 6-quark mass, these contributions are the same for all flavors of quarks. Also, in 't Hooft-Feynman gauge the flavor-dependent 
contributions arising from W exchange are suppressed since the heavy Dirac partners of all of the fermions are nearly degenerate. As 
we discuss at the end of this section, there are subleading - suppressed by M^y,/M 2 — contributions from the additional diagrams in 
figure 5. 

9 There are additional one-loop corrections [24-26] proportional to weak couplings (and at most logarithmically dependent on mt) which 
cannot be computed in the gaugeless limit. 
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where we have used eqn. (7) and the relation 



~ mim 't r*A\ 
m t « — — — . (34) 

M v ; 

In addition to the vertex corrections, there are flavor-dependent wavefunction mixing contributions 10 which must 
be added, as illustrated in Fig. 4. These contributions exist in the three-site model because of the existence of the 
TtzbLBfi vertex, which couples the b to its heavy Dirac partner B (see eqn. (A13)). There is no analogous contribution 
in the standard model, because the i^zbhbR vertex vanishes in the limit of zero bottom-quark mass. In Appendix 
C, we show how these terms arise from the Ward-Takahashi identity of the three-site model. Here we present an 
alternative derivation to show directly how these extra contributions give rise to operators of the form in eqn. (29) 
after integrating out the heavy B field. Including the wavefunction mixing, we may write the effective action as 

C = b L ifib L + BifiB - MSB + T]B L i0b L + ig n bBirzb L B R + h.c. + ... , (35) 

where 77 is a small-parameter of one-loop order. The linear terms in the equations of motion for the B field are then 

i$B L - MB R + inftb L + . . . = , (36) 
i$B R - MB L + . . . = , (37) 

where the ellipses refer to (interaction) terms with more than one field. Integrating out the B field in the large-M 
limit, we find 11 

B R = i^b L + ... . (38) 

Plugging this expression into the T^zbhB R (and Hermitian conjugate) coupling yields the operator in eqn. (29). The 
wavefunction mixing diagrams arc logarithmically divergent. Performing the calculation using dimensional regular- 
ization and using MS we find that the wavefunction mixing contributions then yield 

^ 1 m " AVI A f v 2 \ , 3 



($9l )3-site wavefunction — + 2(4^)2 y 2 (j2 + j2y (^ l0 S ^ m 2 J + 2 ) ' 



where [i is the regularization mass. 

Adding all of the flavor-dependent contributions from eqns. (32), (33) and (39), we find the total contribution 



bb _ "H 
Jl (4tt)V 



(40) 



where 8g h ^{iS) represents the three-site model counterterm, renormalized at scale /x, required to renormalize the theory 
appropriately. As shown in [12], and discussed further in the next section, at one-loop there are flavor-dependent 
renormalizations of the heavy Dirac masses M in eqn. (9), and 8g h ^(ii) represents the effect of the counterterm 
necessary to implement this renormalization. 

Two properties of this result are worth commenting on. First, note that the additional three-site contributions 
vanish in the limit that f\ or ji — > oo with v held fixed. This is reasonable since the three-site model reduces to the 
electroweak chiral Lagrangian [35-39] in this limit, and the Z — > bb corrections must therefore reduce to those of the 
standard model. Second, note that the corrections proportional to log(m t ) cancel when we add the three-site vertex 
and wavefunction mixing contributions - this confirms the effective field-theory argument given in [11], which noted 
that once the heavy fermions were integrated out there were no operators in the effective theory whose scaling could 
affect the size of the Zbb coupling. 

The results described above arc the leading-order flavor-dependent contributions, in 't Hooft-Fcynman gauge for 
the hidden SU(2)h gauge theory, arising from the diagrams in figures 3 and 4; there are also subleading diagrams 
as illustrated in fig. 5. We have checked our results by computing the one-loop corrections to Z — > bb in the full 
three-site model in unitary gauge, as described in Appendix D. 



Again, as in the case of the vertex diagrams, the flavor-dependent contributions from the diagrams with W exchange in figure 5 are 
suppressed. 

1 An alternative procedure would be to diagonalize the kinetic energy and mass terms in (35). In this case the analysis is a bit more 
complicated, though the S-matrix that arises is equivalent. Note that on-shell matrix elements of the operator in eqn. (29) are of order 
mj,. One must include a non-zero mass for the bottom-quark and carefully keep track of terms of order mj; doing so, one finds that Br 
mixes with bn, and yields an effect equivalent to the one we compute above. Note that although one must keep terms proportional to 
m,;, in this procedure, the final correction to the Z — > bb amplitude is not proportional to mj,. 
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FIG. 5: These VF'-exchange diagrams yield flavor non-universal contributions which are suppressed, relative to the contributions 
have kept, by M^,/M 2 . 

V. RGE ANALYSIS 

It is interesting to see how the logarithmic term in eqn. (40) can be reproduced using the RGE analysis of ref. [12]. 
In this case, one analyzes the three-site model in the limit A>M> Mw' in effective field theory. As described in 
[12], we define the parameters in eqns. (1) and (9) in terms of their values at the cutoff scale A. For the energy regime 
between A and M, one considers the one-loop running of the operators in the full three-site model. At scale M, one 
"integrates out" the heavy fermions and constructs an effective theory with one-site derealization [9] . Subsequently, 
one computes the running of the operators from the scale M to the scale Mw 1 ■ At this stage, one integrates out 
the heavy W fields and matches the theory to the electroweak chiral lagrangian [35-39]. Lastly one runs in the 
electroweak chiral lagrangian to energies of order Mz to analyze the electroweak processes of interest. 

The only flavor-dependent terms arise from the Yukawa couplings proportional to m' t . As shown in ref. [12], these 
terms give rise at one-loop to a flavor-dependent renormalization of the masses of the heavy Dirac fermions in the 

running between the cutoff scale A and the heavy fermion scale M. This flavor-dependent renormalization of the tpy/ 

wavefunction arises from the 7T2 interactions eqn. (9). Conventionally normalizing the third-generation ifj^ fields 
then leads to a flavor-dependent shift in the Dirac mass M, and the RGE running of this parameter. 

The quantity of phenomenological interest is the ratio £l = m\/M, which defines the derealization of the light 
left-handed fermions. We find [12] the running 



d /mi ~ 

dfl V M J 3rd 



1 mi / 9 _ 2 



9 to? 
2 7? 



(41) 



for the third generation of quarks, while 



/'- 



/TOi\ 

KM): 



1 



V 



9 m\ 
2 7? 



'dfi KM Jut (4tt) 2 M V2' : 
for the first and second generations of quarks. Assuming universality at the cutoff scale A 



( m i\ _ ( mi \ 

V M ) ut m =a ~ \ MJ 



mi 

M J 3rd 



(42) 



(43) 



we find that the renormalization group equations Eqs.(41)-(42) induce a flavor-non-universal correction 



L \MJ 3 rd 



in i 



i 



(4tt)2 /. 



'"1 



A 2 



In- 

M J M 2 ' 



(44) 



at the KK fermion mass scale M. Below the scale M all subsequent evolution is flavor-universal. 

The effect of this flavor-dependent renormalization is to shift the value of cl for the third-generation quarks 



1 



(4tt) 2 /I " & M 2 

where we have simplified by using eqn. (34). Using eqns. (7), (27), and (30), we then find the correction 



(45) 



{&9h)3-site 



/?/: 



2 f2 
2 



2(4tt) 2 v 2 (f? + flr l ° S 



A 2 
A/ 2 



(46) 
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The result of eqn. (46) is in agreement with the second term in eqn. (40) with the identifications 

logA 2 = log M 2 + ^ , (47) 
Sgf(A) = . (48) 

From the discussion above, we see that the Sg L b (fi) represents the dependence of the Z — > bb amplitude on the (flavor- 
dependent) heavy Dirac mass, and the condition Sg L b (A) = expresses the choice (eqn. (43)) of flavor-universal Dirac 
masses when the theory is rcnormalizcd at the cutoff scale A. 

VI. LIMITS FROM R b 

The best way to compare our expressions (eqn. (46)) for the shifted Zbb coupling to experiment is by calculating 
the ratio Rb- 

T(Z -► 66) 

^ V-.hadrons) - < 49 > 

This ratio can be evaluated as 

ft b ^ 9bL + 9bR ^q-j 

^2f=u,d,c,s,b(9fL 

where gfL (<?/i?) denotes the Z boson coupling to the left (right) handed / quark. Following Ref. [23], we may 
decompose the Zbi})L couplings (as elsewhere in this paper) into standard model and New Physics pieces, 

„SM . x np /r-n 
9bL = g bL + 5g L ■ (51) 

We may express the New Physics effect on R b in terms of Sg^ p [23] 

SR b = 2R b (l-R b ) 2 g ' L 2 (52) 

9bL + 9bR 

To leading order we may simplify this expression by inserting the value of R b predicted by the standard model [40] 

Rf M = 0.21584 ± 0.00006. (53) 
as well as the standard model values 12 of g b L and g b R 

gbL = ~ + ^ sin 2 6 W , g bR = i sin 2 9 W , sin 2 9 W ~ 0.23, (54) 

to obtain 

SR b ~ -0.774 x Sgf p . (55) 

In order to place a limit on the size of the coupling shift due to New Physics, we compare the result above with the 
data. The observed value of R b [40] is 

i?g bs = 0.21629 ± 0.00066 , (56) 
and the gap between this and the standard model value (56) is 

<5i?f s ee R° hs - R% M = (4.5 ± 6.6) x 10~ 4 . (57) 
Comparing this with eqn. (55) yields the general constraint 

Sgf p = (-5 .8 ± 8 .6) x 10" 4 , (58) 



12 The level of accuracy for sin 2 9yy in eqn. (54) is sufficient to compute the size of the one-loop correction to Rj, to the required accuracy. 
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on the shift any New Physics may induce in the Zbb coupling. 

For the three-site model in particular, 5g^ p corresponds to the coupling shift we obtained in eqn. (46): 



with 



If wc insert the values 



^ P - 77^ - (59) 



f 2 f 2 A 2 



2(/ 2 + / 2 ) 2 M 2 



m t ~ 171GeV, G F ~ 1.166 x 10- 5 GcV~ 2 , (61) 
we obtain the following bound on F 

F= -0.19 ±0.28. (62) 

Since F is theoretically constrained to be positive, we need to be a bit careful when we deduce a 95% CL bound on 
F. Following [23], wc apply the method proposed in [41], including the information in its Table X; our result is 

F < 0.38 (95% CL). (63) 

From this, we may derive a bound on A/M. For example, in the case f\ = f% = \/2v (which corresponds to maximal 
unitarity delay [11]), we find 

^- < 4.6 (95% CL). (64) 

We expect a A of order 4 TeV or less, since A < 47r/i i 2 ~ 4^/2ttv, and therefore we obtain the constraint that the 
heavy fermion masses should be at least of order one TeV - a constraint satisfied automatically by the three-site 
model in the range of parameter space allowed by other precision electroweak data [11, 12, 42]. 



VII. CONCLUSIONS 

We have computed the flavor-dependent chiral-logarithmic corrections to the decay Z — > bb in the three site Higgsless 
model and have demonstrated that the diagramatic calculation in the gaugeless limit agrees with an RGE analysis of 
the effective theory. We have shown the necessity of carefully incorporating the effects of mixing between the light- 
and heavy- fermions in the computation of this result; such effects arc not present in many other theories beyond the 
Standard Model, such as the MSSM or models featuring extended electroweak gauge groups but no new fermions. 
Comparing our three-site model result 



(47T) 2 l> 2 



/A 2 

2(/ 2 + / 2 ) 2 i0g v M= 



with the data on Rf, yields the rather mild constraint that the heavy fermions have masses of at least 1 TeV. This 
limit is automatically satisfied by the three-site model in the range of parameter space allowed by other precision 
electroweak data [11, 12, 42]. Moreover, the form we obtain for the chiral currents in an iV-site global moose model 
with fermion derealization suggests that the effects on i?f, in such models (and therefore in continuum models as 
well) will be similar. 

It is interesting to note the contrast between our results and those for Higgsless models without derealization 
(those in which the W is not fcrmiophobic). We found that in the three-site model, corrections proportional to 
lnm t cancel between the vertex and wavefunction mixing contributions. Since the effective theory is valid only to 
A w 4ttV2v « 4 TeV, while precision electroweak data force M to lie above 1.8 TeV or so [11, 12, 42], the remaining 
chiral log factor ln(A 2 /M 2 ) cannot be large. However, in generic extra dimensional models when one integrates out 
the KK modes [23], corrections proportional to ln(M^,/m 2 ) can persist and lead to more stringent experimental 
constraints. 
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APPENDIX A: THREE-SITE MODEL COUPLINGS, MASSES, AND EIGENSTATES 

In this appendix we present the couplings, masses, and mass cigcnstatc holds required in the computation of Z — > bb 
in the gaugeless limit. The quark mass matrices of this model are 




JL ' " L J \ M J I feW J> y L ' L > \ M m' t 
Denoting the heavy and light mass eigenstates by (t,b) and (T,B), we diagonalize the matrices by 

b L 
B L 





V bL ^ mi I i (A2) 



(o) 




VtL % , V tL ~ mi M , (A4) 



and 





1 


' M 




m' t 


-1 




M 



T R ) =VtR {$ )' VtR ^ 1 M (A5) 

Note that we approximate the b quark as massless, which will be sufficient for the computation of the one-loop 
corrections to the vertex and wavcfunction-mixing diagrams. Assuming M 3> mi, m' t , the t quark mass is evaluated 

as 

mi mi , . , 

m - -^4. (A6) 

The heavy KK quarks T and B are almost degenerate 

ra T ~ ra B ~ A/. (A7) 
We next turn to the Nambu-Goldstone boson sector. We define iryy and nw' a s 

^^-V.ill), V„ = ^J=^(!if). (A8) 



The ttw> bosons are eaten by the gauge boson IU' M , while the ttw bosons are physical and remain massless. As 
appropriate, we will denote the neutral Nambu-Goldstone boson, which will be eaten by the Z when gw,Y ^ 0, by 

TlZ- 
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FIG. 6: The iV-site global moose. The global-symmetries are at sites and N + 1. Left-handed fermions, labeled tpLj for 
j = 0, 1, . . . , N, are understood to be at sites to N, and right-handed ones (labeled correspondingly) from sites 1 to N + 1. 



We are now ready to evaluate various coupling strengths that are relevant for the one-loop computation of the Zbb 
vertex in the gaugclcss limit, 

9- bLtR « w - V2— jj 2 W - V2-, (A9) 



9b L T R 7r w 
9b L t R -n w , 
9b L T R ir w , 

9b L B R 7T Z 

9B L t R ir w 

9§ L T R n w 

9B L t R TT lv , 

9B l T r tt w , 

9t L t R TT Z 
9T L t R TT Z 

9T L T R ir z 



V2 



h\fff+f>. 



mif 2 

h\fff+J$ 



V2M 

7W+H 

V2m' t 

y/2M 



h m l , h < 
h AP f 2 M 2 



~M 2 + AP 



V f? + fi mim' t ^ tth 

hh m v ' 

m'Ji 



M 



VW+f: 



p / 2 p 2 

f 2 AP f x AP 



(A10) 
(All) 
(A12) 

(A13) 

(A14) 

(A15) 

(A16) 

(A17) 

(A18) 
(A19) 

(A20) 



In these expressions we have ignored terms of 0(mi/M) 2 and 0(m' t /M) 2 ; note that the couplings in eqns. (A15) 
(A17), and (A20) are enhanced by the (potentially large) factor (M/y/ f 2 + /f ). 
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APPENDIX B: CHIRAL CURRENTS IN THE iV-SITE MODEL 



The generalization of the calculation of the chiral currents of eqn. (25) to the TV-site global moose, illustrated in 
Fig. 6, is straightforward. In this case, the transformation properties of the nonlinear sigma-model fields are 

Si -> LEiHl , (Bl) 

Zi^Hi-tZiH}, i = l,...N (B2) 

Sat+i — > Hn^n+iR ■ (B3) 

Defining Sj = exp(2iiTj / fj), the corresponding infinitesmal transformations are 

2tti 2tti 

27^^27^ 

I i fi 
2-K N+ l 27TJV+1 



,N 



(B4) 

(B5) 

(B6) 
(B7) 

for infinitesmal SU(2)l^r transformations parameterized by oll.r- Unitary gauge corresponds to imposing the condi- 
tion, 



-TOIL ~ hi , 

+ - hi , i = I, 
hN - cur , 



fi-IITi-l = filTi , i = 1, . . . , TV + 1 . 

In solving these equations for oll.r ^ 0, it is convenient to define 

N+l 



1 

1 

1 



3=1 J i 



3=1 J i 

N+l ^ 

a! 72 

J 3 



We then find that the transformations imply the fcrmionic currents 

N 



k=l 

Jit = fe+ity7^fiA'+i + ^2 bk 

k=l 



-a - 

ilLh-^l^lpLk + IpRk-^-I^^Rk 



- a"- - er" 



with 



ak 



El 
1 k 

El 



(B8) 

(B9) 
(BIO) 
(Bll) 

(B12) 
(B13) 

(B14) 
(B15) 



Note that ak + 6^ = 1, and therefore the vector currents jy 1 = + are of canonical form. 

These results could be used in more complicated Higgsless models, and suggest that the kinds of corrections which 
we have found in the 3-site model occur more generally in models with fermion derealization. 



APPENDIX C: WARD-TAKAHASHI IDENTITIES 



In this appendix we review the Ward-Takahashi identity that forms the basis of the "gaugeless" limit used in our 
computation of the one-loop correction to the Z — > bb amplitude. We begin by reviewing the standard model result 
[21, 22], and then present the generalization to the three-site model. 
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1. Standard Model [21, 22] 

In the gaugeless limit of the standard model (SM), the Z-boson (as a classical field) couples to the conserved current 

J" = ft - Mzd^z, (CI) 

where J M is the fermionic contribution to the current 

> = dkX-fPJh, + 9* bb K^P*b H + ■■■. (C2) 

The Ward-Takahashi identity arising from the current conservation is 

d^(0\Tft(x)b(y)b(z)\0) =M z (0\T(D x n z (x))b(y)b(z)\0)-S(x-y) ( 5z L bb P L + 5z R bb P R ) (0\b(x)b(z)\0) 

+ 5(x - z)(0\b(y)b(x)\0) (, 9z L bb P R + .g z R bb P L ) . (C3) 

In momentum space, we have the relationship between the (connected, but not 1PI) Green's functions 
i(pi + p 2 )^{0\ft{ Pl + p 2 )b(p 2 )b{ Pl )\0) = - Mz{pi +P2) 2 (0\n z { Pl + p 2 )b(p 2 )b{ Pl )\0) 

- (sLA + sLA) s bb (- P2 ) + s bb ( Pl ) (.g z L bb P R + ,g z R bb p L ) , (C4) 

where S bb (p) is the 6-quark propagator. We can also write eqn. (C4) in terms of the 1PI Green's functions 

i(pi +P2)^(0\ft( P i + P2 )b(p 2 )b( Pl )\0) 1P1 = -iM z (0\n z ( Pl + p 2 )b(p 2 )b( Pl )\Q) 1Fl 

- S^fyi) (,g z L bb P L + ,g z R bb P R ) + ( 3zbb P R + 5z R bb P L ) S b - b \- P2 ). (C5) 

We decompose the amputated Green's functions according to their Lorentz structures 13 as 

S bb 1 (p) = -i(tfA bb (p 2 )-B bb (p 2 )) 

~ -i (rfA bb (m 2 b ) - B bb (m 2 b ) + 0(p 2 - m 2 b )) , (C6) 

(0|J"(pi+p a )6(p 2 )6(p 1 )|0) 1PI - 7 M ((0|J"66|0)| 7 m) , (C7) 
(0|7r z ( Pl +p a )6(p 2 )6(p 1 )|0) 1PI = +3/2) ((0|tt,66|0>|^) + 75 ( (0|tt z 66|0)| 75 ) , (C8) 

and where the components of the propagator can be decomposed into two chirality components 

A bb (p 2 ) = At b (p 2 )P Ij +Af b (p 2 )P K , 
3l b (p 2 )P Ij + Bf b 

The Ward-Takahashi identity in eqn. (C5) then gives us the conditions [21, 22] 



B bb (p 2 ) = P^(p 2 )P L + P R 6 (p 2 )P, (C9) 



i(0|>66|0)| 7 , - -iM z {Q\iT z bb\Q)\^+iA bb (rn 2 b ) (,g z L bb P L + ,g R b P R ) , (CIO) 

= -7\/ z75 (0|7r z 66|0)| 75 - B bb (m 2 ) ( 3z L bb - ,g R bb ) (P L - P R ) , (Cll) 

where we can project out different chiral structures in eqn. (CIO). 
At tree level in the standard model we have, 

(0|7r,66|0)|jr = 0, (C12) 

A bb (oy- = 1, (C13) 

B bb (0y^ = m b (C14) 

so eqn. (CIO) gives us the tree-level Zbb coupling, and eqn. (Cll) relates the tree-level Tr z bb coupling to the mass of 
the bottom quark. 



13 In eqn. (C8) we note that the amplitude has, in general, both scalar and pseudoscalar parts. In the conventional bases, the fermion 
masses are real and the scalar part vanishes. 
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To compute the Z — > 6 L 6 L amplitude at one-loop order, we must multiply eqn. (CIO) by the wavefunction renor- 
malization of the bottom quark according to the LSZ reduction formula and project out the left-handed chirality 
component to find 

ig^lUP, = iv^(0|>66|0)| 7 MV^P L 

= -iM z ^ b (0\n z bb\0)\^/z~ b P b + isfz~ b A hb {m 2 b ) (<£ bb P L + «?* b P a ) ^Z~ b P b . (C15) 

At one-loop order we may write the wavefunction renormalization as 

\f~Zb~ = y/ Z blj P L + \J Z bli P R 

= 1 + i<5Z bL P L + ^6Z bR P R (C16) 



where the 8Z b ^, bR are of one-loop order. We also note that, to one-loop order, we have 

A bb (p 2 ) = 1 - SZ bh P b - 6Z bR P R . (C17) 

The Zb b b B coupling at one-loop order is then, 

i9^ h Z = ^ - iMz <0|^65|0) \ f (C18) 

Note that the corrections due to the wavefunction renormalization have canceled, and we have only to calculate the 
^zb b b b coupling to one-loop [21, 22]. 

2. Ward-Takahashi Identity in the Three-Site Higgsless Model 

In the gaugclcss limit of the three-site model, the Z-boson couples to the conserved current 

JL^ = JL^-M z d^ Zl (C19) 
with fcrmionic contributions which now involve both "diagonal" and "off-diagonal" terms 

JL*. = Vff Zbb 6 + (B^g ZBb b + h.c.) + • • • , (C20) 

where, for convenience, we define 

5zbb =. 9z L bb P L +. 9z R bb P R , (C21) 

and also the coupling 

g zbh = g^ h P R + g« zhh P b , (C22) 

and similarly define <? ZBb and g ZBb . The Ward-Takahashi identity arising from the current conservation is 

d*(0\Tj^Jx)b(y)b(z)\0) =M z {0\T(n x 7r z (x))b(y)b(z)\0)-6(x-y) [g zbb {0\b(x)b(z)\0) + g ZBb {0\B(x)b(z)\0}] 

+ 6(x - z) [(0\b(y)b(x)\0)g zbh + (0\b(y)B(x)\0)g ZBb ] . (C23) 

In momentum space, we have the relationship between the (connected) Green's functions 

i(pi +P2)MJL««(Pi +P2)b{p 2 )b(p 1 )\0) = -M z ( Pl +p 2 ) 2 (0\7r z ( Pl + p 2 )b(p 2 )b( Pl )\0) 

- g Zbb S bb {- P 2) - g Z B b S Bb (-p 2 ) + S bb {pi)g Zbb + S bB (pi)g ZBb . (C24) 

Note that, compared to the SM (see eqn. (C4)), eqn. (C24) contains additional terms S Bb and S b B because 
contains Bj^b and b^B contributions. Also, as in the case of the SM, the Green's functions and couplings are 
four-component matrices in Dirac spinor space which can be separated in terms of their chiral structure. 

In the presence of B — b mixing, we have to take into account that the connected Green's functions can involve 
non-lPI fermion-mixing diagrams . For example, 

(0|J 3 1,t e Oi + P2)b( P2 )b(pi)\0) = S bb {0\Jt it MO)iriS bb + S bB (0\J^Bb\0) 1P1 S bb 

+ S bb {0\Jt i JB\0) 1PI S Bb + S bB (0\JL^BB\0) 1P1 S B b, (C25) 
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where ( ) 1PI , as before, are the 1PI Green's functions, and where S bB (p) is the "off-diagonal" fermion propagator. The 
Ward-Takahashi identity involving the 1PI Green's functions is then 

i(pi +P2) At {(0|JL tc (pi +P2)b( P 2)b(pi)\0) 1P1 

+ S^ip^SbBipiMJL^ipi +P2)b(p 2 )B( Pl )\0} 1P1 

+ (0|J 3 _ Elte (pi +P2)B( P2 )b( Pl )\0) 1P1 S Bb (-P2)S b - b 1 (-P2) 

+ S» 1 (pi)5w(pi)(0|^ to (pi+pa)B(P2)B(p 1 )|0) I p I 5B6(-p2)5» 1 (- W )} 

= -iM z {(0\n z ( Pl + p 2 )b{p 2 )b{ Pl )\0) 1P1 + S~ b 1 {p 1 )S bB ( Pl )(0\TT z (p 1 + p 2 )b{p 2 )B{ Pl )\0) im 

+ (0|ir,(pi +P2)B( P2 )b(p 1 )\0) m SBb{-p 2 )S bb 1 S B b(-p 2 ) 

+ S bb \p 1 )S bB (pi)(0\Tr z ( Pl + p 2 )B(p 2 )B( Pl )\0) 1P1 SB b (-p 2 )S bb \-p 2 )} 

- S^ip^gzbb - S bb {pi)g ZB , h S Bb {-p 2 )S bb (-p 2 ) 

+ 97, b bS bb {-p 2 ) + S bb {pi)S bB {pi)gz Bb S bb {-p 2 ) ■ (C26) 
We now work to one-loop order with p\ 2 ~ m b- At this order, we have 

S b - b \p)S bB {p) = (-iS6fl(p))SgS(p) = SmWtV. ( C27 ) 

S Bb (p)S^(p) = 5gS(p)(-iS B 6(p)) = ^^S Bb (p) , (C28) 

where Ef,s is the fermion-mixing self-energy function and Sbb{p) is the heavy i?-quark propagator. Let 

Z hB (p) = -V 1 SZ bB + 6M bB , (C29) 

where, again, 8Z b s and SM bB are matrices in four-component Dirac spinor space. The left-hand side of cqn. (C26) 
simplifies to 

(LHS of cqn. C26) 

= i(pi +P2) M \(0\JLJb\0)™ + Zb B (pi) , \ r 7 M gzBb+7 M gz Bb , 1 Efl6(-P2)| ■ (C30) 

The right-hand side of eqn. (C26) simplifies to 

(RHS of cqn. C26) = -M Z (0|^66|0) 1PI - iS^ 1 (pi)g Zhh + g^Sg 1 {-p 2 ) 

+ ^b B {Pl)~) -jrjr- {tMzgnzTSb ~ ffzBb^ X (-j? 2 )} 

+ {iMzg-KzTa + 5^ 1 (pi)g Z Bb} , 1 77 ^m{-p 2 ) ■ (C31) 

— #2 — Mb 

Using the tree-level relations in the limit of vanishing mj 

M z g^ z - bB = -iM B g ZBb , (C32) 
Mzg^zBb = iM B g Z Bb, (C33) 
S^CP) = (C34) 



we can further simplify eqn. (C31) 

(RHS of cqn. C26) 



-Mz(0\irzbb\0) 1Pl - S 66 x (pi)5zbb + 97, bb S bb {-p 2 ) 

+ iE 6B (pi)- +P' 2 )gzB b + 1(2/1 +j/2)(? Z Bb— -; r^-S B6 (-p 2 ) 

^^T, bB (pi)gn z -B b - j^g-K Z TB^ B b{-p 2 )- (C35) 



1G 



Combining Eqs. (C30) and (C35), we have three-site Ward-Takahashi identity at one-loop (for mt = 0) 



i(pi +Pi)MJLJM0) m = -M z [{ 



S bb l {pi)g z 



M B 



Mb 



(C36) 



Compared to the Ward-Takahashi Identity in the standard model (eqn. (C5)), we have the additional terms due to 
the B — b mixing. At tree-level, however, these effects vanish and we simply have the standard model results. 

To compute the Zb L b L amplitude at one-loop, we have to separate the different contributions of the amplitude 
according to their Lorcntz structure, and collect terms proportional to +$2)- Since the leading term in the top 
line as well as the terms in the bottom line of eqn. (C36) are present in the standard model Ward-Takahashi identity, 
their contribution to the Zbjj^ amplitude is presented in eqn. (C18). (There are, however, additional diagrams in the 
three-site model that contribute to (0|7T Z 66|0).) As for the contributions due to B — b mixing, it is only the kinetic 
mixing contributions of St,s that contribute to Zb-Jj^ because we are interested only in terms proportional to ]/ in 
Sfcs. We note that 



{s b6 (p)p l }| ={s 6B (p)P L } 



-9-TZ 



so the Zb L b L coupling of the three-site model at one-loop order is 

ifJI^l = ^lOl " iM z {{0\-K z bb\0}y-g n 



5Z b , 



(C37) 
(C38) 

(C39) 



In terms of Feynman diagrams, this is the same as the calculation performed in the body of the paper. 



APPENDIX D: UNITARY GAUGE CALCULATION 



In this appendix we briefly describe the computation of Z — > bb in unitary gauge, without recourse to the gaugeless 
limit. In order to do so we must consider the effects of mass and wavefunction mixing in the bottom sector. At the 
one- loop level, the tree- level mass eigenstate 6 L mixes with both B L and B R , and these mixings give contributions (in 
addition to those from the triangle diagrams) to the tree-level Z-boson couplings 



£z = g& bb Z ll b L >fb L + gl m Z, t (b L ^B L + B^b L ) 
Let us parameterize the mass and wavefunction mixing through the Lagrangian 14 



(Dl) 



C 



(6l b l 



lol 

m b + Sm b SM bB 
M 



B u 



b R 
B R 



h.c. 



(D2) 



The one-loop canonical mass eigenstates (denoted with a superscript r) are related to the tree-level eigenstates by 

'f h \ /1 5Z i>L SM, 

B 



1 - 



M 



M 



1 



b: 



l>n 
B R 



1 



M \ M 



m b ( SM bE 
M \ M 



SZ 



(D3) 
(D4) 



In terms of the one-loop mass eigenstates (eqns. (D3) and (D4)), we find 

5M bB 



g L zhb a-$Z b J~2g^ 



M 



(D5) 



Here we neglect terms that will not contribute to the Z —* bb process that we are computing. Also, for completeness, we include 
contributions of order m b in the right-handed sector; these are not necessary for the computation here, but would be necessary to 
implement the calculation described in footnote 11. 



17 




FIG. 7: Diagrams that contribute to Sgzbb in the unitary gauge. The mass and wavefunction mixing diagrams implement the 
results of eqn. (D5). 



Computing the diagrams illustrated in Fig. 7 in unitary gauge, using dimensional regularization and MS, and sub- 
tracting the corresponding diagrams for the d or s quarks (to isolate the flavor-dependent correction), we reproduce 
eqn. (40). 
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